Scheduling with Multiprocessors: A rounding network algorithm with a constant error by Ittig, Olivier
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¼£Þ ¢£E¥V¬«·??
(c)
¹r¥'X?£Þ£P?¾¥wì½V¥V¥V¨
(∆(G2) − r)
 ¢ª'¥ßP£P ¡k®¬¾?¢N ¢£P¨P ·W ¢¨P±?N?£P¨
Á®¬¤®P°á®°¥V¬­ ¢®£P¡©?KØ«®Ù
Jj
ã
s∑
h=1
(bjh − yjh) + aj2 − xj2 ≤ ∆(G2)− r, ∀j = 1, . . . , n.
¼£ ¢£E¥V¬«·??
(c)
ãP£P'°P¬¤:V¥V¡¤¡¤®¬§°¥V¬«®¬¤ª'¡©¢®£PÁ®¥V¬/³P¥V£
(∆(G2)− r)
 ¢ª'¥kP£P ¡Vã
n∑
j=1
bjh −
n∑
j=1
yjh ≤ ∆(G2)− r, ∀h = 1, . . . , s.
¿©³P¥h?À?t ¢£P¨P ·W ¢¨P±?°P¬¤WV¥V¡¤¡¤ ¢£PÁ´ ¢ª'¥y?]Ø«®Ù
Jj
À?à?¥V¡1¥wìP?º
d(Jj)
 ¢ª'¥¾P£P ¡VÛ©¼×
X?££P?9¥wì½V¥V¥V¨
w
 ¢ª'¥kP£P ¡© ¢£ﬀ³P¥¾ ¢£E¥V¬«·??
(d)
ã
m∑
h=1
yjh ≤ w, ∀j = 1, . . . , n.
¼£
(d)
³P¥¾ ¢£P¨P ·W ¢¨P±­]°P¬¤WV¥V¡¤¡¤ ¢£PÁo ¢ª'¥kX?££P?§¥wì½º¥V¥V¨
w
®¬9?£Eﬀ°P¬¤WV¥V¡¤¡¤®¬
Ph
ã
n∑
j=1
yjh ≤ w, ∀h = 1, . . . ,m.
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min(w − r)
¡VÛ XÛ ¡½Ûßﬀ∑
j
bjh − (∆(G2)− r) ≤
∑
j
yjh ≤ w, ∀h ∈ G1
∑
j
bjh − (∆(G1)− r) ≤
∑
j
yjh ≤ w, ∀h ∈ G2
∑
h
yjh ≤ w, ∀j
0 ≤ yjh ≤ bjh, ∀j, h∑
j
xj1 = r
∑
j
xj2 = r
xj1 + xj2 ≤ r, ∀j
¡½Û Ã ﬀ
0 ≤ xjl ≤ ajl, ∀j, l∑
h∈G1
(bjh − yjh) + aj2 − xj2 ≤ ∆(G2)− r, ∀j
∑
h∈G2
(bjh − yjh) + aj1 − xj1 ≤ ∆(G1)− r, ∀j
¿©³P ¢¡ß¬?º ¢®£±?çª':¨P¥VrX?£ Ù¥ﬁ¡¤®·E¥V¨ ¢£¡«¬¤®£PÁ®@°K®W£P®ª' µ?C ¢ª'¥?Û@»:¬¤®£PÁ®
°®W£P®ª' ¢?[ª'¥X?£P¡y ¡k¬¤P£P£P ¢£PÁﬁ ¢ª'¥ß ¢¡k°®ñW£P®ª' µ?[ ¢£â³P¥z¨P ¢ª'¥V£P¡¤ ¢®£â?ç³P¥z°±?¬
ª'¥º¥V¬¤¡k¨P®£P¥ß ¢£ﬃ³P ¢¡kïMìP?ª'°P¢¥ß?¡
n,m
?£P¨
p
Ûy¦ﬂ°P¬¤W?è ¢¡1¡¤³PI¹9£- ¢£â¨P¥#Â@¥V¬¤¬½ãëy ¢¡
?£P¨ﬃëyPÙP µ?àToñß3q Û
w
ø;tW[[âø®~[V÷I}­[ø?÷Z~
!k£PV¥ﬀ³P¥á¢ ¢£P¥X?¬#°P¬¤®Á®¬?ª  ¢¡z¡¤®·®¥V¨ãè¹/¥á³±X·®¥
xjl
?£P¨
yjh
Û¿©³P¥V¡¤¥á·??¢P¥V¡zÁ® ·®¥ﬀP¡
³P¥y°P¬¤WV¥V¡¤¡¤ ¢£PÁz ¢ª'¥kV®¬¤¬¤¥V¡¤°®£P¨P ¢£PÁzß³P¥y ¢£:¥V¬«·­?¢¡
(a)
?£P¨
(c)
ÛC¼×
(a)
?£P¨
(c)
?¬¤¥
¨P¥º¥V¬¤ª' ¢£P¥V¨'¹r¥1V®£E ¢£:P¥9¹9 ³
(b)
?£P¨
(d)
ÛMÂ@¥§X?£ﬁ°P¬¤¥V¡¤¥V£E/¥X?À³ﬁ ¢£E¥V¬«·???¡çª´­¬¤ ñì
T(a), T(b), T(c)
?£P¨
T(d)
M
õ
÷I:}
P±
(a) x T(a) =
y
1 · · ·
y
j · · ·
y
n
G1 x11 · · · xj1 · · · xn1 = ∆(G1)− r
Ps+1
z
z
z
z
z
z
Ph · · · yjh · · · ≤ ∆(G1)− r
z
z
z
z
z
z
Pm
≤ ∆(G1)− r
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õ
÷I:}
P±
(b) x T(b) =
y
1 · · ·
y
j · · ·
y
n
G1 a11 − x11 · · · aj1 − xj1 · · · an1 − xn1 = r
G2 a12 − x12 · · · aj2 − xj2 · · · an2 − xn2 = r
≤ r
õ
÷I:}
P±
(c) x T(c) =
y
1 · · ·
y
j · · ·
y
n
P1
z
z
z
z
z
z
Ph · · · yjh · · · ≤ ∆(G2)− r
z
z
z
z
z
z
Ps
G2 x12 · · · xj2 · · · xn2 = ∆(G2)− r
≤ ∆(G2)− r
õ
÷I:}
P±
(d) x T(d) =
y
1 · · ·
y
j · · ·
y
n
P1
z
z
z
z
z
z
Ph · · · bjh − yjh · · · ≤ w
z
z
z
z
z
z
Ps
Ps+1
z
z
z
z
z
z
Ph′ · · · bjh′ − yjh′ · · · ≤ w
z
z
z
z
z
z
Pm
≤ w
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¹r¥z³±X·®¥z ¢£E¥VÁ®¥V¬¤¡
xjl
­£P¨
yjh
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xjl
?£P¨
yjh
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(a)
ãK?¡/³P¥¾?³P¥V¬9 ¢£E¥V¬«·??¢¡9?¬¤¥y¡¤ ¢ª' ¢¢?¬VÛ
r®£P¡¤ ¢¨P¥V¬©³P¥¾ª´­¬¤ ñì]ãW¹9³P¥V¬¤¥
G1 = {P1, P2}
ã
T(a) =
J1 J2 J3
G1

P3
ß Ã
P4
Ã Ã
P5
ß ß
¿©³P¥V£Þ³P¥oÁ®¬?°P³-V®¬¤¬¤¥V¡¤°®£P¨P ¢£PÁáﬀ³P¥oª´­¬¤ ñìâ ¢¡¾Á® ·®¥V£Þ £ÞM ¢Á®P¬¤¥p½Û ½Ûo¿/³P¥'Á®¬?°P³
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M ¢£±?¢ñ®ã¹r¥o®Ù½À? ¢£ﬃ³P¥z¡¤w³P¥V¨PP¥o ¢£-M ¢Á®P¬¤¥f½ÛßIÄﬀ?¡k³P¥zV®¬¤¬¤¥V¡¤°K®£P¨P ¢£PÁá¡¤w³P¥V¨PP¢¥ß
³P¥¾¥V¨PÁ®¥¾V®¢®¬¤ ¢£PÁz ¢£áM ¢Á®P¬¤¥L½Û ½Û
G
P
J
1
3
3
P
4
P
5
J
1
J
2
1
2
3
4
5
[ ¢Á®P¬¤¥_½Û M¿©³P¥çV®¬¤¬¤¥V¡¤°®£P¨P ¢£PÁ§Á®¬?°P³

T(a)
Ûè¿©³P¥h¨P æ]¥º¬¥º£:§¥º¨PÁ®¥h¡«W¢¥V¡1?¡
¡¤ ¢Á?£¨P ñæ]¥V¬¤¥V£:9V®¢®¬¤¡VÛ
J
2
G
P
1
4
P5
P3
J
1
J
1
J
1
J
1
J
2
J
2
J
2
J
3 J3
J
3
1 2 3 4 5
J
2
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Ål¡Ål|{ êÁUÎWÑÂÉ1_ÈfUÉ1}^2ÈÝû srú~ju
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¬?º ¢®£±?1ª´?à?¥V¡¤°±?£TX?£TÙ¥-¡¤³P®¬«¥V¬ﬀ³P¥V£T ¢£:¥VÁ®¬? Ûﬂ¿©³P¥@ïMìP?ª'°P¢¥ ¢¡ﬀ¡¤³PI¹9£  ¢£
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P
P
P
P
J
J
J J
J
J
JJ
J
1/3 2/3 1 4/3 5/3 2 7/3
1
2
3
4
1
2
2
3
3 3
4
4
4
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¨>×ªr± ³VÛﬀ¦ Ø«®Ù@ ¢¡hÙP ¢£±?¬«ﬁØ«®ÙãM / ¡h®°¥º¬ÀZÀ ®£P¡#?¬¤¥'?
­¾ª'®¡«kå¹rá¨P æ]¥V¬¤¥V£EyåW°K¥V¡VÛo¿©³:P¡hﬀÙP ¢£±?¬«âX?£-£P?¾³±I·®¥?ã®¬y¥wìP­ª'°P¢¥?ãtﬀÁ®¬¤®P°
®°¥V¬­ ¢®£#?£P¨ß ¢£P¨P ·W ¢¨P±?E®°¥V¬­ ¢®£P¡[®£#°P¬¤WV¥V¡¤¡¤®¬¤¡N ¢£#¥X?À³z?P³P¥r°P¬¤WV¥V¡¤¡¤®¬NÁ®¬¤®P°P¡VÛ
Â@¥ﬀ°±?¬«  ¢?£?¢çÙP ¢£±?¬«ﬀØ«®ÙP¡z ¢£@®P¬ß¡¤¥º¡Vã
J gi ∪ J ig ∪ J gg ∪ J ii
¹9³P¥V¬¤¥
J gi
V®£P¡¤ ¢¡«¡h?/?¢Ø«®ÙP¡y¹9 ³Þ®°K¥V¬­ ¢®£P¡¾?çW°¥
(g, 1)
ãM?£P¨Þ¥V ³P¥V¬
(i, 1)
?¬
(i, 2)
ã[ÙP½
£P?#Ù?³Û
J ig
V®£:À? ¢£P¡h?¢Ø«?ÙP¡h¹9 ³@®°K¥V¬­ ¢®£P¡h?/W°¥
(g, 2)
ãN?£P¨@¥V ³P¥V¬
(i, 1)
®¬
(i, 2)
ãPÙP½§£P?9ÙK?³Ûç±P¬«³P¥V¬¤ª'®¬¤¥?ã±­¢WØ«®ÙP¡© ¢£
J gg
³±X·®¥¾®£PﬁÁ®¬¤®P°á®°K¥V¬­ ¢®£P¡Vã
?£P¨ﬃ?¢:Ø«®ÙP¡9 ¢£
J ii
³±X·E¥¾®£Pﬁ ¢£P¨P ·W ¢¨P±?]®°¥V¬­ ¢®£P¡VÛ
¦1¡9¹r¥h³±I·®¥h¡¤¥V¥V£â £á³P¥ß»WPÙP¡¤¥Vº ¢®£è½Û ½Û ÅPãP³P¥hª' ¢£P ¢ª#PªÊª´?à?¥V¡¤°±?£ﬃ ¢¡9Á® ·®¥V£ÙE
(∆(G1) + ∆(G2) + w− r)
Ûèr½/£PI¹ ¹r¥1¹/?£E/#¡¤³PI¹7³±­r®¬è³P¥1 ¢£E¥VÁ®¬?Kª'W¨P¥V ã
³P¥ﬀª' £P ¢ªßPª
 ¢¡ßÁ® ·®¥V£ÙE
(∆(G1) + ∆(G2) + dw
∗ − r∗e)
Û
w∗
?£P¨
r∗
?¬¤¥´À?à?¥V£
¬¤®ªÊ?£Eﬁ®°½ ¢ª´?K¡¤®¢½ ¢®£´#³P¥¾ðtê ?t³P¥k¬?º ¢®£±?K°P¬¤®ÙP¢¥VªÛè»Wß¹/¥y?Ù½w­ ¢£ﬁ³P¥
®¢¢I¹9 £PÁoðtêa®¬©ÙP ¢£±?¬«hØ«®ÙP¡rM
min(w − r) s.t.
¡½Û *ﬀ
∑
j∈J\J gg
bjh − (∆(G2)− r) ≤
∑
j∈J\J gg
yjh ≤ w, ∀h ∈ G1
∑
j∈J\J gg
bjh − (∆(G1)− r) ≤
∑
j∈J\J gg
yjh ≤ w, ∀h ∈ G2
∑
h∈G1∪G2
yjh ≤ w, ∀j ∈ J
ii
∑
h∈G1
yjh ≤ w, ∀j ∈ J
gi ∪ J ig
∑
h∈G2
yjh ≤ w, ∀j ∈ J
gi ∪ J ig
0 ≤ yjh ≤ bjh, ∀j, h∑
j∈J gg∪J gi
xj1 = r
∑
j∈J gg∪J ig
xj2 = r
xj1 + xj2 ≤ r, ∀j ∈ J
gg
0 ≤ xjl ≤ ajl, ∀j, l∑
h∈G1
bjh + aj2 − (∆(G2)− r) ≤
∑
h∈G1
yjh + xj2, ∀j ∈ J
ig
∑
h∈G2
bjh + aj1 − (∆(G1)− r) ≤
∑
h∈G2
yjh + xj1, ∀j ∈ J
gi
EÃ XNY'ZU[U\C]_^ëþObícef\C^LgihKjkXl\)cmgie»\ãg[_^']_]W¼è[U\)cCWN]¸gi[_]_e¸ºYtgi[Wº
¼×
w
?£P¨
r
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N(w, r)
Û
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¥º
(w∗, r∗, x∗, y∗)
ÙK¥ç?£¾®°½ ¢ª´?
¡¤®¢½ ¢®£s
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min r
ã½?£P¨
?¨P¨ﬀÀ³P¥yV®£P¡«¬À­ ¢£:
w − r = dw∗ − r∗e
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(w, r, x, y)
Ù¥y?£ﬁ®°½ ¢ª´?K¡¤®¢½ ¢®£ÛNM ¢£P¨ﬀ#V®ª'°±­ ¢ÙP¢¥l±I¹T ¢£
N(w, r)
¹9 ³
w
?£P¨
r
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¸§Z¹Þ¹r¥CX?£¾¡«À?¬«/®¬¤ªzPµZ¥[³P¥è®ÙWØ«¥Vº ·®¥è?£P¨¾ ¡V®£P¡«¬? ¢£E¡VÛ[¿©³P¥èª´?à?¥V¡¤°±?£
¥Vä:±?¢¡
(a1+a2+b1+b2+c1+c2+r+w)
ÛC§Z¹r¥º·®¥V¬Vã®¹/¥r³±I·®¥r³P¥ç®¢¢I¹9 ¢£PÁ§¥Vä:±ZÀ ®£P¡
a2 = ∆(G3)− b1 − c1 − r
b2 = ∆(G2)− a1 − c1 − r
c2 = ∆(G1)− a1 − b1 − r
Â7 ³ﬀ³P¥V¡¤¥h¥Vä:±­ ¢®£P¡9?£P¨á³P¥¾V®£P¡«À?£E
∆(Gl)
ãP¹r¥h¬¤¥VV¥V ñ·E¥y³P¥¾¡¤³P®¬«¥V¬9®Ù½Ø«¥Vº ·®¥
min(w − 2r − a1 − b1 − c1).
¿©³P¥¾V®£P¡«¬? ¢£:¡9?¬¤¥¾ª'®¬¤¥y ¢£E·®®·E¥º¨ÛçM ¬¡«XãW¹r¥hÁ® ·®¥k³P¥¾Ù®P£P¨P¡©®¬
x
?£P¨
y
M
0 ≤
3∑
i=1
yijh ≤ bjh, ∀j = 1, . . . , n, ∀h = 1, . . . ,m;
0 ≤
3∑
i=1
xijl ≤ ajl, ∀j = 1, . . . , n, l = 1, 2, 3;
¿©³P¥V£@¹r¥´V®£P¡¤ ¢¨P¥V¬¾³P¥´V?£P¡¤¬? ¢£E¡¾®¬¾¥X?À³Ø«®Ù@ ¢£Þ ¢£E¥V¬«·??
(a1)
Ûﬁ¿©³P¥V¬¤¥´¹r¥'³±I·®¥M
®¬/³P¥/Ø«®ÙP¡
m∑
h=s2+1
y
(1)
jh + x
(1)
j1 + x
(1)
j2 ≤ a1, ∀j = 1, . . . , n;
®¬/³P¥¾°P¬¤WV¥V¡¤¡¤®¬¤¡9¹9 ³á ¢£P¨P ·W ¢¨P±?]®°K¥V¬­ ¢®£P¡
n∑
j=1
y
(1)
jh ≤ a1, ∀h = s2 + 1, . . . ,m;
?£P¨á®¬/³P¥¾ªßP °P¬¤WV¥V¡¤¡¤®¬¤¡/¹/¥¾³±X·®¥
n∑
j=1
x
(1)
jl = a1, l = 1, 2;
¿©³P¥9£P¥wìWr¡«¥V°' ¢¡N¾¨P¥º¥V¬¤ª' ¢£P¥/³P¥9V®£P¡«¬? ¢£E¡C®¬C¥X?À³yØ«®Ùo ¢£
(a2)
ÛM¿©³P¥V¬¤¥9¹r¥9³±I·®¥M
®¬/³P¥/Ø«®ÙP¡
s1∑
h=1
y
(1)
jh +
s2∑
h=s1+1
y
(1)
jh + x
(1)
j3 ≤ ∆(G3)− b1 − c1 − r, ∀j = 1, . . . , n;
®¬/³P¥¾°P¬¤WV¥V¡¤¡¤®¬¤¡9¹9 ³á ¢£P¨P ·W ¢¨P±?]®°K¥V¬­ ¢®£P¡
n∑
j=1
y
(1)
jh ≤ ∆(G3)− b1 − c1 − r, ∀h = 1, . . . , s2;
Å®Å XNY'Z2[U\C]_^DObm [_¹5ßêcr\CY¸¹CcnQ]_hF¼ñj)½Ñ\)c[_^QgLXN]Wº1ºgi^Uº
?£P¨áé±£±?¢'®¬/³P¥¾ªßP ¢°P¬¤:V¥V¡¤¡¤®¬
G3
¹r¥h³±X·®¥y³P¥¾V®£P¡«¬? ¢£:
n∑
j=1
x
(1)
j3 = ∆(G3)− b1 − c1 − r;
±®¬h³P¥´?³P¥V¬ß ¢£E¥V¬«·??¢¡
(b1), (b2), (c1)
?£P¨
(c2)
¹r¥ﬁ³±X·E¥ﬁ¡¤ ¢ª' ¢¢?¬¾V®£P¡«¬? ¢£E¡VÛﬃÂ@¥
°P¬¤¥V¡¤¥V£E'³P¥Vª  ¢£âÅPÛßﬀwÛ ±®¬
(r)
ãè³P¥áI·®¥V¬¤µ?°ãè¹r¥³±X·®¥ﬃ?¢ç³P¬¤¥V¥ªßP °P¬¤WV¥V¡¤¡¤®¬¤¡
¬¤P£P£P ¢£PÁPÛç»Wz¹/¥¾³±X·E¥;Mè®¬/³P¥/Ø«®ÙP¡
3∑
l=1
ajl −
3∑
l=1
3∑
i=1
x
(i)
jl = r, ∀j = 1, . . . , n;
?£P¨á³P¥¾ªßP °P¬¤WV¥V¡¤¡¤®¬¤¡
n∑
j=1
ajl −
n∑
j=1
3∑
i=1
x
(i)
jl = r, l = 1, 2, 3;
¼£ ¢£E¥V¬«·??
(e)
ã½¹/¥¾³±X·E¥MC®¬/³P¥/Ø«®ÙP¡
d(Jj)−
m∑
h=1
3∑
i=1
y
(i)
jh ≤ w, ∀j = 1, . . . , n;
?£P¨ﬃ?£±?¢?Áß®¬/³P¥¾°P¬¤WV¥V¡¤¡¤®¬¤¡
d(Ph)−
n∑
j=1
3∑
i=1
y
(i)
jh ≤ w, ∀h = 1, . . . ,m;
Â7 ³?¢³P¥V¡¤¥hV®£P¡«¬? ¢£E¡©¹r¥#?¬¤¬¤ ·®¥kz³P¥y®¢¢I¹9 £PÁoðtêiM
DOb ·bÎgi[_]_e¸ºYtgi[Fßêcr\CY
P = 3
Å:Ç
min(w − 2r − a1 − b1 − c1)
ÅPÛßﬀ
0 ≤
3∑
i=1
y
(i)
jh ≤ bjh, ∀j = 1, . . . , n, ∀h = 1, . . . ,m
0 ≤
3∑
i=1
x
(i)
jl ≤ ajl, ∀j = 1, . . . , n, l = 1, 2, 3
m∑
h=s2+1
y
(1)
jh + x
(1)
j1 + x
(1)
j2 ≤ a1, ∀j = 1, . . . , n
s2∑
h=s1+1
y
(2)
jh + x
(2)
j1 + x
(2)
j3 ≤ b1, ∀j = 1, . . . , n
s1∑
h=1
y
(3)
jh + x
(3)
j2 + x
(3)
j3 ≤ c1, ∀j = 1, . . . , n
n∑
j=1
y
(1)
jh ≤ a1, ∀h = s2 + 1, . . . ,m
n∑
j=1
y
(2)
jh ≤ b1, ∀h = s1 + 1, . . . , s2
n∑
j=1
y
(3)
jh ≤ c1, ∀h = 1, . . . , s1
n∑
j=1
x
(1)
jl = a1, l = 1, 2
n∑
j=1
x
(2)
jl = b1, l = 1, 3
n∑
j=1
x
(3)
jl = c1, l = 2, 3
m∑
h=s2+1
y
(1)
jh + x
(1)
j1 + x
(1)
j3 ≤ ∆(G3)− b1 − c1 − r = a2, ∀j = 1, . . . , n
s1∑
h=1
y
(2)
jh +
m∑
h=s2+1
y
(2)
jh + x
(2)
j2 ≤ ∆(G2)− a1 − c1 − r = b2, ∀j = 1, . . . , n
s2∑
h=s1+1
y
(3)
jh +
m∑
h=s2+1
y
(3)
jh + x
(3)
j1 ≤ ∆(G1)− a1 − b1 − r = c2, ∀j = 1, . . . , n
Å* XNY'Z2[U\C]_^DObm [_¹5ßêcr\CY¸¹CcnQ]_hF¼ñj)½Ñ\)c[_^QgLXN]Wº1ºgi^Uº
n∑
j=1
y
(1)
jh ≤ ∆(G3)− b1 − c1 − r = a2, ∀h = 1, . . . , s2
n∑
j=1
y
(2)
jh ≤ ∆(G2)− a1 − c1 − r = b2, ∀h = 1, . . . , s1, s2 + 1, . . . ,m
n∑
j=1
y
(3)
jh ≤ ∆(G1)− a1 − b1 − r = c2, ∀h = s1 + 1, . . . ,m
n∑
j=1
x
(1)
j3 = ∆(G3)− b1 − c1 − r = a2
n∑
j=1
x
(2)
j2 = ∆(G2)− a1 − c1 − r = b2
n∑
j=1
x
(3)
j1 = ∆(G1)− a1 − b1 − r = c2
3∑
l=1
ajl −
3∑
l=1
3∑
i=1
x
(i)
jl ≤ r, ∀j = 1, . . . , n
ÅPÛ Ã ﬀ
n∑
j=1
ajl −
n∑
j=1
3∑
i=1
x
(i)
jl = r, l = 1, 2, 3
ÅPÛ *ﬀ
d(Jj)−
m∑
h=1
3∑
i=1
y
(i)
jh ≤ w, ∀j = 1, . . . , n
ÅPÛ ÅAﬀ
d(Ph)−
n∑
j=1
3∑
i=1
y
(i)
jh ≤ w, ∀h = 1, . . . ,m
ÅPÛ Ç ﬀ
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¿©³P¥#ðtê)®¬¤ªßPµ­ ®£ﬁ®¬©®P¬9ªßP ¢°P¬¤:V¥V¡¤¡¤®¬¤¡§ÙK¥VV®ª'¥V¡§¬¤¥X?¢ﬁµ?¬¤Á®¥?ÛrM ¢¬¤¡«9¹r¥hÁ® ·®¥
°®¡¤¡¤ ¢ÙP¢¥ﬁ®¬¤ª ?§³P¥á¡¤À³P¥V¨PP¢¥?Û ¿©³P¥V¬¤¥º®¬¤¥?ãç¹r¥á³±I·®¥V®£P¡¤ ¢¡«¥V£E'®¬¤ª ®¬ß³P¥
·??¬¤ µ?ÙP¢¥º¡9?£P¨V®£P¡«¬? ¢£E¡VÛ
ß'¡Ålﬂ êÁUÎUÉûë_È0`¤Éû ``§Ñ_ŁOﬃ^2È ŁO1ÁUÑÇcUÈ
Â@¥@°±?¬«  ¢®£7³P¥@°P¬¤:V¥V¡¤¡¤®¬¤¡ ¢£Ea®P¬¡¤¥º¡â?zªßP ¢°P¬¤:V¥V¡¤¡¤®¬¤¡Vã¾¨P¥V£P?¥V¨
G1 =
{P1, . . . , s1}
ã
G2 = {Ps1+1, . . . , Ps2}
ã
G3 = {Ps2+1, . . . , Ps3}
?£P¨
G4 = {Ps3+1, . . . , Pm}
Û
¦1¢¡¤PãK³P¥V¬¤¥h¹r¥#³±X·®¥
1 < s1 < s2 < s3 < m
?£P¨ﬃ¥º·E¥V¬«£:PªzÙK¥V¬1 ¢¡§?£ﬃ ¢£E¥VÁ®¥V¬VÛ©¼×N¹r¥
DObIþObÎgi[_]_e¸ºYtgi[Fßêcr\CY
P ≥ 4
ÅA
W°¥¾?N®°K¥V¬­ ¢®£P¡  ¢£E¥V¬«·??
(g, 1), (i, 2), (i, 3), (i, 4) (c11)
(i, 1), (g, 2), (g, 3), (g, 4) (c12)
(g, 1), (g, 2), (i, 3), (i, 4) (c21)
(i, 1), (i, 2), (g, 3), (g, 4) (c22)
(g, 1), (i, 2), (g, 3), (i, 4) (c31)
(i, 1), (g, 2), (i, 3), (g, 4) (c32)
(g, 1), (i, 2), (i, 3), (g, 4) (c41)
(i, 1), (g, 2), (g, 3), (i, 4) (c42)
(i, 1), (g, 2), (i, 3), (i, 4) (c51)
(g, 1), (i, 2), (g, 3), (g, 4) (c52)
(i, 1), (i, 2), (g, 3), (i, 4) (c61)
(g, 1), (g, 2), (i, 3), (g, 4) (c62)
(i, 1), (i, 2), (i, 3), (g, 4) (c71)
(g, 1), (g, 2), (g, 3), (i, 4) (c72)
(g, 1), (g, 2), (g, 3), (g, 4) (r)
(i, 1), (i, 2), (i, 3), (i, 4) (w)
¿M?ÙP¢¥yÅPÛ MC¿©³P¥h£P®¬¤ª´?®¬¤ª ¹9 ³á®P¬©ªßP ¢°P¬¤:V¥V¡¤¡¤®¬¤¡VÛ
³±X·E¥ßª'®¬¤¥h³P¥V£®P¬Vã
p ≥ 4
ãªßP ¢°P¬¤:V¥V¡¤¡¤®¬¤¡1³P¥V£â¹/¥ßV®£E ¢£WP¥ß ¢£ﬃ³P¥ß¡?ª'¥#¹/X®ã
¹9³P¥V¬¤¥
sp−1 + 1
¹9 ¢¢]Ù¥y³P¥yé±¬¤¡«§°P¬¤:V¥V¡¤¡¤®¬§ ¢£
Gp
Û
¼£ﬃM ¢Á®P¬¤¥yÅPÛ ßE®¡¤¥V¥¾³P¥y¥Vª'°Pµ­¥y­M³P¥¾£P®¬¤ª´?]®¬¤ªÛC¼×9 ¢¡9¡¤¥V°±?¬­¥V¨ ¢£:5
°±?¬«¡y?èW°¥
(Ci)
?£P¨Þ­¢¡¤
(r)
?£P¨
(w)
Ûh¿©³P¥o®¬¤¨P¥V¬¤ ¢£PÁﬀ?è³P¥
(Ci)
 ¢¡kÁ® ·®¥V£-ÙE
V®ª'°P¢¥Vª'¥V£EÀ?¬«hV®P°P¢¥?ã
(ci1)
?£P¨
(ci2)
ÛN¦1¡N ¢£zM ¢Á®P¬¤¥rÅPÛ ½ã
(c11) = (g, i, i, i)
®£Ph³±?¡
Á®¬¤®P°h®°K¥V¬­ ¢®£P¡®£
G1
?£P¨
(c12) = (i, g, g, g)
V®£EÀ? ¢£P¡tÁ®¬¤®P°¾®°¥V¬­ ¢®£P¡®£
G2, G3
?£P¨
G4
ÛC¿©³P¥y¡«WªßÙ®
g
¨P¥V¡¤V¬¤ ¢Ù¥V¡©³P¥kªzP °P¬¤WV¥V¡¤¡¤®¬¤¡©?£P¨ﬀ ¡/V®ª'°P¢¥Vª'¥V£EÀ?¬«´ ¢¡
i
ã
³P¥k ¢£P¨P ·W ¢¨P±?°P¬¤:V¥V¡¤¡¤®¬VÛè¿©³WP¡Vã½³P¥y®¬¤¨P¥V¬/?³P¥y£:Pª'¥V¬­ ¢®£´?
(Ci)
 ¢¡r¨P¥V°¥V£P¨P¥V£E
®£Pﬁ®£
(ci1)
ãPÙ¥VX?P¡¤¥
(ci2)
 ¢¡/³P¥V£Á® ·®¥V£ã± © ¢¡©³P¥¾º®ª'°P¢¥Vª'¥V£:À?¬«®Û
¼£-¿M?ÙP¢¥ßÅPÛ ½ã³P¥V¬¤¥ß¹r¥z³±I·®¥o?¢[°®¡¤¡¤ ¢ÙP¢¥håW°K¥V¡¾?è®°¥V¬­ ¢®£P¡1®¬1¥X?w³ ¢£:¥V¬«·­?
¡¤³PI¹9 ¢£PÁo³P¥¾£P®¬¤ª´?®¬¤ªÊ?[³P¥¾¡¤w³P¥V¨PP¢¥?Û
Â@¥ﬁÁ®¥V£P¥V¬?¢ ¢íV¥'³P ¢¡#£P®¬¤ª´?C®¬¤ª ?§ﬃ¡¤À³P¥V¨PP¢¥ﬁ®¬#ª'®¬¤¥o³P¥V£S®P¬VãC¡XÞ®¬
p
ªßP ¢°P¬¤:V¥V¡¤¡¤®¬¤¡VÛ[¿©³P¥V¬¤¥è¹r¥ç³±X·®¥
(C1), (C2), . . . , (Ckp)
ÛN»: ¢¢dã
(r)
?£P¨
(w)
?¬¤¥ç?¹/XW¡
³P¥'¡?ª'¥'?¡h ¢£³P¥'X?¡¤¥´?r®P¬¾ªßP °P¬¤WV¥V¡¤¡¤®¬¤¡h?£P¨Þ³P¥o®¬¤ªßPµ´®¬
kp
 ¢¡¾Á® ·®¥V£
ÙES¥Vä:±­ ¢®£âÅPÛ *ﬀwÛÞ¿©³P¥ﬁ?À?r£:PªzÙK¥V¬z?§V®£½é±Á?P¬ÀZÀ ®£P¡Vãè ¢£PV¢P¨P ¢£PÁ
(r)
?£P¨
(w)
ã
 ¢¡¾Á® ·®¥V£@ÙE
2p
Ûﬀr¥VX?P¡¤¥'®¬¾¥º·®¥V¬«ÞªzP °P¬¤WV¥V¡¤¡¤®¬y¹r¥´³±X·®¥'¹rﬃ°®¡¤¡¤ ¢ÙP ¢¢ ñ ¥V¡rM¾³P¥
ªßP ¢°P¬¤:V¥V¡¤¡¤®¬M ¢¡[°¥V¬«®¬¤ª' ¢£PÁ11Á®¬¤®P°ß®°¥V¬­ ¢®£#®¬M M ¢¡M£P­IÛ[¼×N ¢¡M£P?N¨P¥V°¥V£P¨P¥V£Eè®£
³P¥k£:PªzÙK¥V¬/?t°P¬¤WV¥V¡¤¡¤®¬¤¡©Ù¥VX?P¡¤¥k¹r¥k¥wì½¥VV½¥¾®£P'ÙEﬁÁ®¬¤®P°P¡r?[°P¬¤:V¥V¡¤¡¤®¬¤¡VÛç¿©³±­
ª'¥X?£P¡/ 
Gl
 ¢¡r£P?/°¥V¬«®¬¤ª' ¢£PÁ#Á®¬¤®P°ﬁ®°¥V¬­ ¢®£P¡Vã:³P¥V£á?¢
Ph
 ¢£
Gl
?¬¤¥k°¥V¬«®¬¤ª' ¢£PÁ
Å*3 XNY'Z2[U\C]_^DObm [_¹5ßêcr\CY¸¹CcnQ]_hF¼ñj)½Ñ\)c[_^QgLXN]Wº1ºgi^Uº
type (i,k) of operation for k in the appropriate partition; 
type (g,l) of operation for the appropriate G ; 
Ps
P1
1
Ps  +11
Ps  +12
Ps  +13
Ps2
Ps3
Pm
{G1
{
{
{
G2
G3
G4
l
(c    ) (c    ) (c    ) (c    ) (c    ) (c    ) (r) (w)11 12 21 22 31 32
{ { { { { { { { { { { { { { { {
(c    ) (c    ) (c    ) (c    ) (c    ) (c    )41 42 51 52 61 62 (c    ) (c    )71 72{ { { { { { {
(C  )1 (C  )2 (C  )3 (C  )4 (C  )5 (C  )6 (C  )7
M ¢Á®P¬¤¥yÅPÛ MC¿©³P¥¾£P®¬¤ª´?]®¬¤ªÊ?Nz¡¤À³P¥V¨PP¢¥¾¹9 ³áÅ'ªßP °P¬¤WV¥V¡¤¡¤®¬¤¡VÛ
 ¢£P¨P ·W ¢¨P±?1®°¥V¬­ ¢®£7®¬?¬¤¥-°±?P¡¤¥V¨Û»W ³P¥Þ£:PªzÙK¥V¬á?ßV®£½é±Á®P¬­ ¢®£P¡á ¢¡ﬀ®£P
¨P¥V°¥V£P¨P¥V£Ek®£
p
Ûè¼×M³P¥¾£:PªzÙK¥V¬9?M³P¥¾¨P æ]¥V¬¤¥V£E§V®£½é±Á®P¬­ ¢®£P¡© ¢¡
2p
³P¥V£¹r¥h³±X·®¥
2p − 2
 ¢£:¥V¬«·­?¢¡/¹9 ³P®½
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kp =
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= 2p−1 − 1.
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V (p = 4) =


1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
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
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1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
0 1 0 0 0
0 1 1 0 0
0 1 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 1 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 1 1
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(ci1 + ci2) + r + w
)
.
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0 ≤ y(i)jh ≤ bjh, ∀j, h, i;
0 ≤ x(i)jh ≤ ajl, ∀j, h, i;
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m∑
h=s1+1
y
(1)
jh + x
(1)
j1 ≤ c11, ∀j = 1, . . . , n;
?£P¨á®¬
(c12)
s1∑
h=1
y
(1)
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l=2
x
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j=1
y
(1)
jh ≤ c11, ∀h = s1 + 1, . . . ,m;
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jh ≤ c11, ∀h = 1, . . . , s1;
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(c11)
n∑
j=1
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(1)
j1 = c11;
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(c12)
n∑
j=1
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jl = c12, ∀l = 2, . . . , p;
<
~[º÷I}Z±d÷Zz×~K}'÷tâd÷I:}
P±
(Ci)
¼×§¹r¥áÁ®¥V£P¥V¬?¢ ¢íV¥´³P¥á ¢£E¥V¬«·­?/®£  ¡z ¢£P¨P¥wì]ãC¹/¥ﬀ£P-¢®£PÁ®¥V¬ß³±I·®¥âÁ® ·E¥V£®¬¤¨P¥V¬z?¬
¹9³P ¢À³ ¢£P¨P ·W ¢¨P±?°P¬¤WV¥V¡¤¡¤®¬¤¡1?£P¨áªzP °P¬¤WV¥V¡¤¡¤®¬¤¡9?¬¤¥y°¥V¬«®¬¤ª' ¢£PÁß ¢£á¥X?À³ ¢£E¥V¬«·?? Û
»Wz¹r¥¾X?¢
Hi
³P¥¾¡¤¥º§?N?¢]°P¬¤WV¥V¡¤¡¤®¬¤¡Vã
Ph
ãP³±­§?¬¤¥y°¥V¬«®¬¤ª' ¢£PÁß ¢£P¨P ·W ¢¨P±?]®°K¥V¬
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ã
∀h ∈ Hi
Ûk»W'¹/¥#®Ù½À? ¢£³P¥
®¢¢I¹9 £PÁzV®£P¡«¬? ¢£E¡VÛWç9¥VÁE­¬¨P £PÁz³P¥/Ø«®ÙP¡©?¬©³P¥y ¢£:¥V¬«·­?
(Ci1)
ã½¹/¥¾³±X·E¥
∑
h∈Hi
y
(i)
jh +
∑
l|Gl∩Hi=∅
x
(i)
jl ≤ ci1, ∀j = 1, . . . , n;
?£P¨á®¬
(ci2)
¹/¥¾³±X·E¥
∑
h6∈Hi
y
(i)
jh +
∑
l|Gl∩Hi 6=∅
x
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jl ≤ ci2, ∀j = 1, . . . , n;
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?£P¨
(ci2)
ãP¹r¥¾³±I·®¥
n∑
j=1
y
(i)
jh ≤ ci1, ∀h ∈ Hi
n∑
j=1
y
(i)
jh ≤ ci2, ∀h 6∈ Hi
?£P¨á®¬/³P¥¾ªßP °P¬¤WV¥V¡¤¡¤®¬¤¡Vã½¹/¥¾³±X·E¥
n∑
j=1
x
(i)
jl = ci1, ∀{l|Gl ∩Hi = ∅};
n∑
j=1
x
(i)
jl = ci2, ∀{l|Gl ∩Hi 6= ∅};
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x
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jl ≤ r, ∀j = 1, . . . , n;
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?£P¨¡¤ ¢ª' µ­¬¤ñ'®¬/³P¥¾°P¬¤WV¥V¡¤¡¤®¬¤¡Vã±¹/¥¾³±X·E¥
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n∑
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jh ≤ w, ∀h = 1, . . . ,m;
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W1 = max
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j=1
ajl +
m∑
h=1
bjh),
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W ≤ t∗ ≤ max(W,W1).
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r¥VX?P¡¤¥z?N³P¥ß¡¤°P¢ §®¬9³P¥§Ø«®ÙP¡1 ¢£ﬃ°P¬¤?¥V¡¤¡¤®¬¤¡y?£P¨¢¥VºP¬¤¥V¬¤¡Vã³P¥zðtê®¬¤ªßPµ­ ®£
ÅPÛßﬀCÙK¥VV®ª'¥V¡r¡¤ª´?¢¢¥V¬èÙK¥VX?P¡¤¥1¹/¥1£P¥V¥V¨´¥º¹r¥V¬rV®£P¡«¬? ¢£:¡VÛMÂ@¥1Á® ·®¥9³P¥kðtê@®¬¤ªßO
µ­ ¢®£#®¬C³P¬¤¥V¥9°P¬¤?¥V¡¤¡¤®¬¤¡çÙK¥V¢Z¹¾ÛN±®¬Cª'®¬¤¥/³P¥V£'³P¬¤¥V¥9°P¬¤?¥V¡¤¡¤®¬¤¡è³P¥9V®£P¡«¬¤Pº ¢®£
®¬#³P¥ﬀðtê ®¢¢I¹9¡# ¢£ â¡¤ ¢ª' ¢¢­¬#ª´?£P£P¥V¬z?¡#®¬
p = 3
Û-¿©³P¥ðtê ¨P¥V°¥V£P¨P¡o®£S³P¥
¡«¬¤PºP¬¤¥hÁ® ·®¥V£á ¢£M ¢Á®P¬¤¥yÅPÛ ÇWÛ
min(w − 2r − a1 − b1 − c1)
 ÇWÛßXÅAﬀ
0 ≤
3∑
i=1
y
(i)
jh ≤ bjh, ∀j = 4, . . . , n, ∀h = 1, . . . ,m
0 ≤
3∑
i=1
x
(i)
jl ≤ ajl, ∀j = 1, 2, 3, l = 1, 2, 3
m∑
h=4
y
(1)
jh ≤ a1, ∀j = 4, . . . , n
x
(1)
j1 + x
(1)
j2 ≤ a1, ∀j = 1, 2, 3
m∑
h=1
y
(2)
jh ≤ b1, ∀j = 4, . . . , n
x
(2)
j1 + x
(2)
j3 ≤ b1, ∀j = 1, 2, 3
m∑
h=1
y
(3)
jh ≤ c1, ∀j = 4, . . . , n
x
(3)
j2 + x
(3)
j3 ≤ c1, ∀j = 1, 2, 3
n∑
j=4
y
(1)
jh ≤ a1, ∀h = 1, . . . ,m
n∑
j=4
y
(2)
jh ≤ b1, ∀h = 1, . . . ,m
n∑
j=4
y
(3)
jh ≤ c1, ∀h = 1, . . . ,m
3∑
j=1
x
(1)
jl = a1, l = 1, 2, 3
¡b
¡
b \CY']ä[_^Qgi¹N]Wº1ºgi^©£½Ý]'Xl\2j)^']_^z¼6gih2]_½ ®Ç
3∑
j=1
x
(2)
jl = b1, l = 1, 2, 3
3∑
j=1
x
(3)
jl = c1, l = 1, 2, 3
m∑
h=1
y
(1)
jh ≤ a2, ∀j = 4, . . . , n
x
(1)
j1 + x
(1)
j3 ≤ a2, ∀j = 1, 2, 3
m∑
h=1
y
(2)
jh ≤ b2, ∀j = 4, . . . , n
x
(2)
j2 ≤ b2, ∀j = 1, 2, 3
m∑
h=1
y
(3)
jh ≤ c2, ∀j = 4, . . . , n
x
(3)
j1 ≤ c2, ∀j = 1, 2, 3
n∑
j=4
y
(1)
jh ≤ a2, ∀h = 1, . . . ,m
n∑
j=4
y
(2)
jh ≤ b2, ∀h = 1, . . . ,m
n∑
j=4
y
(3)
jh ≤ c2, ∀h = 1, . . . ,m
3∑
j=1
x
(1)
j3 = a2
3∑
j=1
x
(2)
j2 = b2
3∑
j=1
x
(3)
j1 = c2
3∑
l=1
ajl −
3∑
l=1
3∑
i=1
x
(i)
jl ≤ r, ∀j = 1, 2, 3
 ÇWÛßZÇ ﬀ
3∑
j=1
ajl −
3∑
j=1
3∑
i=1
x
(i)
jl = r, l = 1, 2, 3
 ÇWÛß*ﬀ
d(Jj)−
m∑
h=1
3∑
i=1
y
(i)
jh ≤ w, ∀j = 4, . . . , n
 ÇWÛß ﬀ
d(Ph)−
n∑
j=4
3∑
i=1
y
(i)
jh ≤ w, ∀h = 1, . . . ,m
 ÇWÛß3*ﬀ
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?¬¤V¡VÛﬃ¦1¢ç?¬¤V¡VãM¹9³P¥V¬¤¥ﬀªßP ¢°P¬¤WV¥º¡¡¤®¬h ¢¡©Ø«® ¢£P¥V¨Þ¹9 ³SoØ«®Ù
Jj
¹9 ñÀ³
j ≥ 4
®¬#
 ¢£P¨P ·W ¢¨P±?N°P¬¤:V¥V¡¤¡¤®¬# ¢¡/Ø«® ¢£P¥V¨-¹9 ³@
Jj
¹9 ³
j = 1, . . . , 3
ãM?¬¤¥oP£P£P¥VV¥V¡¤¡À?¬«@?£P¨
?¬¤¥¾¨P ¡À­°P°¥X?¬¤ ¢£PÁPÛ
¼×1¹r¥á¡«À?¬«z¹9 ³³P¥áÙK®P£P¨P¡o®¬
µ
?£P¨
λ
ãè³P¥V£ ¹r¥á³±I·®¥ﬀ-¢I¹r¥V¬ß³P¥á¬?£PÁ®¥
¨P¥V°¥V£P¨P¥V£E1®£
j
Û
µl = (b
3∑
i=1
3∑
j=1
x
(i)
jl c, d
3∑
i=1
3∑
j=1
x
(i)
jl e), ∀l = 1, 2, 3;
 ÇWÛß*ﬀ
λh = (b
3∑
i=1
n∑
j=4
y
(i)
jh c, d
3∑
i=1
n∑
j=4
y
(i)
jh e), ∀h = 1, . . . ,m;
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¿©³P¥âÙK®P£P¨P¡´®¬
α
?£P¨
β
?¢¡¤ÞÀ³±?£PÁ®¥ﬃ®£P¹9 ³¬¤¥V¡¤°K¥VºﬁÞ³P¥ﬃ ¢£P¨P¥wì
j
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µ
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λ
Û
αil = (b
3∑
j=1
x
(i)
jl c, d
3∑
j=1
x
(i)
jl e), ∀l = 1, 2, 3, i = 1, 2, 3;
 ÇWÛ ÃWßﬀ
βih = (b
n∑
j=4
y
(i)
jh c, d
n∑
j=4
y
(i)
jh e), ∀h = 1, . . . ,m, i = 1, 2, 3;
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¬¤¥V°P¬¤¥V¡¤¥V£E¥V¨ﬃÙE
θ
?£P¨
η
¨Pz£P?9À³±?£PÁ®¥?ã±ÙP½©¹r¥y³±I·®¥y¢¥V¡¤¡
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?£E
Jj
¹9 ³
j ≥ 4
Û'r®£E·E¥V¬¤¡¤¥Vá¹r¥#³±X·E¥h£P¥º·E¥V¬k' ¢£P¨P ·W ¢¨P±?°P¬¤WV¥V¡¤¡¤®¬èØ«® ¢£P¥V¨á¹9 ³
Jj
¹9³P¥V¬¤¥
j = 1, . . . , 3
ÛW§¥V£PV¥¾¹r¥¾³±X·E¥
θijl = (bx
(i)
jl c, dx
(i)
jl e), ∀j = 1, . . . , 3, l = 1, 2, 3, i = 1, 2, 3;
 ÇWÛ Ã*ﬀ
ηijh = (by
(i)
jh c, dy
(i)
jh e), ∀j = 4, . . . , n, h = 1, . . . ,m, i = 1, 2, 3;
±®¬
σ
¹r¥¾°P¬¤¥V¡¤¥V£E1®£P´³P¥¾w³±?£PÁ®¥º¡§®£
σ11
ãK?¢³P¥¾?³P¥V¬¤¡§?¬¤¥¾¡¤ ¢ª' ¢¢­¬VÛ
σ11 = (bx
(1)
j1 + x
(1)
12 c, dx
(1)
11 + x
(1)
12 e), ∀j = 1, 2, 3;
σ11 = (by
(1)
1h3
c, dy(1)1h3e), ∀j = 4, . . . , n;
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b \CY']ä[_^Qgi¹N]Wº1ºgi^©£½Ý]'Xl\2j)^']_^z¼6gih2]_½  
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γj = (b
3∑
i=1
3∑
l=1
x
(i)
jl c, d
3∑
i=1
3∑
l=1
x
(i)
jl e), ∀j = 1, 2, 3;
γj = (b
3∑
i=1
m∑
h=1
y
(i)
jh c, d
3∑
i=1
m∑
h=1
y
(i)
jh e), ∀j = 4, . . . , n;
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3∑
l=1
x
(i)
1l +
3∑
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3∑
l=1
x
(i)
jl +
3∑
i=1
m∑
h=1
y
(i)
jh c, d
3∑
i=1
3∑
l=1
x
(i)
jl +
3∑
i=1
m∑
h=1
y
(i)
jh e)
γn = (b
3∑
i=1
3∑
l=1
x
(i)
nl +
3∑
i=1
m∑
h=1
y
(i)
nhc, d
3∑
i=1
3∑
l=1
x
(i)
nl +
3∑
i=1
m∑
h=1
y
(i)
nhe)
!
6

: Ï

ﬁ(% " %m 'áﬃ%ﬂ@
w
ø;tW[[ddtüÞŁ´û÷Æ [û÷ZÄ[}Z~ø®WXV~K}­
x
9
}Z~[[[dtütE÷ÀŁß~K}Z ±düK~K}­û÷[ Ł´û÷a@ø®~[º÷I±÷´Ý)C:}ﬁC~[[
!k¢ ·®¥V¬©¼×¤ ¢Á
ÙÑA¢m¬O­®¡×K±ﬂÃc«l¬*¥m ¨¤¥¤¥UÖ'¦«f ¨ ²¥m¡¡ £±;¨
î¬m> ²¥±;A,Lk§±ﬂÃmÕKì?Õ¬1³r ¡Ó
Ð
Ñ;Ò"Ó[ÔAÕ×ÖCÓ
»WÀ³P¥V¨PP¢ ¢£PÁÞ ¢¡zP¡¤¥V¨a®¬'¢?o?k¨P æ]¥V¬¤¥V£E'à: ¢£P¨ ?k°P¬¤WV¥V¡¤¡¤ ¢£PÁPÛa¼ª´?Á® ¢£P¥ﬀ?£:SW°¥
?9°P¬¤W¨PPº ¢®£S ¢£@ ¢£P¨PP¡«¬«@¢ ¢à®¥'X?¬z?¡¤¡¤¥VªßÙP-¹9³P¥V¬¤¥ﬁ¹r¥ﬀ³±X·®¥ﬁ¨P æ]¥V¬¤¥V£:ß°P¬¤WV¥V¡¤¡o?¡
°P½¤ ¢£PÁ'³P¥h¹9³P¥V¥V¢¡k®¬1V®¢®¬¤ ¢£PÁo³P¥#À³±?¡¤¡¤ ¢¡VÛk¦ﬂªßP °P¬¤WV¥V¡¤¡¤®¬§ ¢£³P¥ßX?¬§¥wìP?ª'°P¢¥
V®P¢¨áÙK¥hz¬¤®Ù?©¹9 ³áª'®¬¤¥1³P¥V£®£P¥h?¬¤ªî?£P¨á¥X?À³ﬃ?¬¤ªî ¢¡/°P¬¤WV¥V¡¤¡¤ ¢£PÁ'¡¤ ¢ªßPÀ?£P¥>
®P¡¤#®£z³P¥/X?¬VãE¢ ¢à?¥/°P½¤ ¢£PÁk¡¤ ¢ªzPÀ­£P¥V®P¡¤¾³P¥/¹9 ¢£P¨P¡¤³P ¢¥V¢¨ã?³P¥©¬¤¥X?¬M¹9 ¢£P¨PI¹?£P¨
³P¥1¨P¬¤ ·W ¢£PÁ#ª' ¢¬¤¬¤®¬¤¡VÛM¦1¢¡¤# ¢£´V®ª'°P½¥V¬ç¡«W¡«¥Vª'¡/¹r¥1P¡¤¥kªßP ¢°P¬¤WV¥º¡¡¤®¬¤¡r?¡r ¢£´V®ªf
°P½ ¢£PÁoV ¢¬¤VP ¡©®¬9°P¬¤ ¢£E ¢£PÁz¨P¥º·W ¢V¥V¡VÛi!1³P¥V¬9¥wìP?ª'°P¢¥V¡§?¬¤¥¾¡¤À³PW® ¢ª'¥ºÀ?ÙP¢¥V¡VãW¹9³P ¢w³
?¬¤¥´?©®P¬#ª´? ¢£@ £:¥V¬¤¥V¡«XÛﬃ¿©³P¥ﬁª'®¡«#V®ª'ª'®£@ª':¨P¥Vç ¢¡¾³P¥ﬁVµ?¡¤¡×¥X?À³P¥V¬ßªoW¨P¥V Û
¿©³P¥V¬¤¥h?¬¤¥
m
Vµ?¡¤¡¤¥V¡
C1, . . . , Cm
?£P¨
n
À¥V?w³P¥V¬¤¡
T1, . . . , Tn
Ûçïè­w³áVµ?¡¤¡
Ch
³±?¡
bjh
¢¥VºP¬¤¥V¡§Á® ·®¥V£ÙEﬀ¥X?À³P¥V¬
Tj
Û/²®¬¤¥VI·®¥V¬§¥X?À³ﬃVµ?¡¤¡9 ¢¡9£P?§ÙK¥¾À?PÁ®³E§ÙEáª'®¬¤¥k³P¥V£
®£P¥¾¥X?À³P¥V¬1 ¢£®£P¥h³P®P¬Vã?£P¨ﬃ£P'¥X­w³P¥V¬§ªzP¡«9¥X?w³ﬃª'®¬¤¥y³P¥V£ﬃ®£P¥hVµ?¡¤¡§ ¢£¥X?À³
³P®P¬VÛ©¿©³P¥#P£P ·E¥V¬¤¡¤ ﬀ ¢ª'¥ºÀ?ÙP¢¥yª'W¨P¥Vt¬¤¥V°P¬¤¥V¡¤¥V£E¡1³P¥#¥wìW¥V£P¨P¥V¨â·E¥º¬¡¤ ¢?£â ¢£PV¢P¨P ¢£PÁ
³P¥ªßP ¢°P¬¤:V¥V¡¤¡¤®¬¤¡VÛ¿©³P¥ﬃ¥wìW¥V£P¡¤ ¢®£) ¢¡'Þ¢¥VºP¬¤¥ﬀS-Á®¬¤®P°)?kVµ?¡¤¡¤¥V¡VãrÀ?à®¥ﬃ?¡
¥wìP?ª'°P¢¥h'Ù±?¡¤ ¢hª'­³P¥Vª´­ ¢V¡9V®P¬¤¡¤¥h?¬1?¢ÙP ¢®¢?Á?®ã±À³P¥Vª' ¢¡«¬«?£P¨ﬃ¥X?¬«³ﬃ¡¤V ¢¥V£PV¥
¡«P¨P¥V£E¡o ¢£ﬃP£P¨P¥V¬¤Á®¬?¨P±­¥ﬀ°P¬¤®Á®¬?ªÛâ¿©³P¥ﬁV®£P¡«¬? ¢£:ßÀ³±?£PÁ®¥V¡z ¢£Eâ£Pâ¥X?À³P¥V¬
ªßP¡«9¥X?À³ª'®¬¤¥k³P¥V£®£P¥¾Vµ?¡¤¡©®¬9Á®¬¤®P°á ¢£á®£P¥¾³P®P¬VÛ
¼£ﬀ¥wìP?ª'°P¢¥V¡/?¡rV®ª'°P½¥V¬r¡«W¡«¥Vª'¡r¬?º ¢®£±?K°P¬¤¥V¥Vª'°½ ¢®£P¡/?¬¤¥§³P¥1¬¤P¢¥V¡VÛèr½/ 
¹r¥hV®£P¡¤ ¢¨P¥V¬§¡¤À³PW® ¢ª'¥ºÀ?ÙP¥V¡Vã½À³P¥º¬¥y¹/¥hªßP¡«9À?à?¥h ¢£E¥VÁ®¥V¬9°P¬¤¥V¥Vª'°½ ¢®£P¡VÛèÂ@¥hÁ® ·®¥
³P¥ç®¬¤ªßPµ­ ®£h?K§¢ ¢£P¥X?¬t°P¬¤®Á®¬?ªdðtêWﬀ1¡¤®·E¥è³P¥/¥ÀìP?ª'°P¢¥V¡[¹9 ³h³P¥ç¬?º ¢®£±?
°P¬¤¥V¥Vª'°½ ¢®£P¡VÛ[¿[1¡¤®·®¥è³P¥è¥wìP?ª'°P¢¥V¡M?¡[¡¤À³PW®E ¢ª'¥ºÀ?ÙP¥V¡VãZ¹r¥ç ¢£E¬¤W¨PPV¥ç§¬¤®P£P¨P ¢£PÁ
£P¥º¹/®¬¤ày?¢Á®®¬¤ ñ³PªÛ¿©³P¥èª´? ¢£k¬¤¥V¡¤Pt ¢¡³±­t¨PP¥C©³P¥è£P¥wå¹r®¬¤àk¬¤®P£P¨P ¢£PÁ©¹r¥è®Ù½À? ¢£
ß®ßZÃ
ß®ß
z ¢£:¥VÁ®¥V¬/ ¢ª'¥ºÀ?ÙP¢¥?ãW¹9³P¥V¬¤¥¾³P¥¾¨P æ]¥V¬¤¥V£PV¥yo³P¥¾ª´?à?¥V¡¤°±?£®Ù½À? ¢£P¥V¨ÙEﬁ³P¥hðtê) ¢¡
V®£P¡«À?£EXÛ
±P¬«³P¥V¬¤ª'®¬¤¥rP¡¤ ¢£PÁk1Á®¬?°P³ß¥V¨PÁ®¥/V?¢®¬¤ ¢£PÁ1?°P°P¬¤E?w³#¹r¥/¡¤³PI¹ ³±­M³P¥r¨P æ]¥V¬¤¥V£PV¥
Ù¥º¹r¥V¥V£ﬃ³P¥yª´Zì½ ¢ª´?¹r®¬¤à:¢E?¨?£P¨á³P¥¾ª´?à?¥V¡¤°±?£
t
 ¢¡9£P?9V®£P¡«À?£EXÛ
M ¢£±?¢ño¹r¥yV®ª'°±?¬¤¥k®P¬r¬¤¥V¡¤P¡/¹9 ³á?¢Á®®¬¤ ñ³Pªo¡ç¬¤®ª ¦1¡¤¬­ µ?£ﬀ?£P¨ﬀ¨P¥kÂ@¥V¬¤¬½Û
r¥VX?P¡¤¥â®£P¥ﬃ?k³P¥V ¢¬´?¢Á®®¬¤ ñ³Pª ³±?¡ﬁ?£ 7
6
¬­ ¢Þ®°½ ¢ª´? ñåÙK¥ºå¹r¥V¥V£³P¥ﬃ ¢£E¥VÁ®¥V¬
ª´?à?¥V¡¤°±?£ﬃ?£P¨á³P¥¾ª´Zì½ ¢ª´­¹r®¬¤à:¢E?¨Û
Ï Ø ﬂﬂﬃ%  ay
oñßrqh¦#Û »Û¦1¡¤¬­ µ?£-?£P¨@¯#Û¨P¥ßÂ@¥V¬¤¬½ãt¦(Á®¥V£P¥V¬?¢ ¢íº¥V¨-Vµ?¡¤¡×¥X?w³P¥V¬¾ª':¨P¥VM®¬y¡¤®ª'¥
 ¢ª'¥ºÀ?ÙP¢ £PÁß°P¬¤®ÙP¢¥Vª'¡Vã±ïçÜ*!Qç"ßXÅ ? Ã?Ä®ÄEÃ ﬀ©Ç½ßm«Ç­Å:ÃWÛ
o Ãqh¦#Û »ÛW¦1¡¤¬­ µ?£ã:¿yÛ½¯1¥V£P¢¥ºﬁ?£P¨ç¾ÛUÞ?Á®Á®àE·W ¢¡«Xã½r ¢°±?¬« ¥9Á®¬?°P³P¡r?£P¨´³P¥V ¢¬r?°P°P¢ 7
X­ ¢®£ã/?ªßÙP¬¤ ¢¨PÁ®¥y¶§£P ·E¥V¬¤¡¤ áêC¬¤¥V¡¤¡tåß  3*ﬀwÛ
o ;qt1ÛKr¥V¬¤Á®¥?ã y¬?°P³P¡9?£P¨è9W°¥V¬¤Á®¬?°P³P¡Vã¸§®¬«³?§®¢µ?£P¨n¦1ª'¡«¥V¬¤¨±?ªß**ﬀwÛ
o ÅqßÜ½Û]Ù>ÚV¥º¹9 ¢Ví?ãëzÛ hÛïCÀà?¥V¬Vãtï©Ûê[¥V¡¤À³ã) zÛ»Ww³Pª' ¢¨½k?£P¨ÞÜ½ÛKÂÛ¥VÁ®µ?¬¤í?ã»WÀ³P¥V¨PP¢ ¢£PÁ
r®ª'°P½¥V¬9?£P¨â²ﬃ?£:½d?ºP¬¤ ¢£PÁ'êC¬¤WV¥V¡¤¡¤¥V¡Xã]»W°P¬¤ ¢£PÁ®¥V¬¡§¥V ¢¨P¥V¢Ù¥V¬¤Ááß  *ﬀwÛ
o ÇqßÜ½Û ¦#Ûyr®£P¨½ ?£P¨ ¶hÛ »Û ç¾Û¾²P¬«å®ãp y¬?°P³ ¿©³P¥V®¬« ¹9 ³ ¦1°P°P¢ ¢X­ ®£P¡Vãß¸§®¬«³O
§®¢µ?£P¨nd¸§¥º¹Åç®¬¤àâß**ﬀwÛ
o ;q#ê[ÛKr¬¤PÀà?¥V¬Vã]»WÀ³P¥V¨PP¢ ¢£PÁo¦1¢Á®®¬¤ ³Pªo¥V¡VãK»W°P¬¤ ¢£PÁ®¥V¬¡§¥V ¢¨P¥V¢Ù¥V¬¤Áﬀß  3*ﬀwÛ
o q#ê[Û§r¬¤Pwà?¥V¬?£P¨ ¦#Û1ëy¬§Þ?ª'¥V¬Vã¾»W³P®° »WÀ³P¥V¨PP¢ ¢£PÁêC¬¤®ÙP¢¥Vª'¡á¹9 ³ ²P ¢°P¬¤WV¥V¡
¡¤®¬'¿M?¡¤à:¡ﬁ®£¯1¥V¨P ¢X­¥V¨êC¬¤WV¥V¡¤¡¤®¬¤¡VãU!k¡¤£±?ÙP¬ÜPÀà?¥V¬á»WÀ³P¬¤ û¥V£)íVP¬ﬀ²ﬃ­³P¥Vª´­ ¢àKã
êC¬¤¥V°P¬¤ ¢£E¡Vã§¥ºûhßZÇ?åß  *ﬀwÛ
o 3;qß»Û r¥V¬¤¥VÁ®³P¥º¤  ã ¶9 ¢¢ ¡­ ¢?£ ¨P¥ µ °P¬¤®Á®¬?ª'ª´­ ®£ ¢ ¢£ÞÝX? ¬¤¥ °®P¬
 Ý ®¬¤¨P®£P£±?£PV¥Vª'¥V£EXãPª´?¡«¥V¬©³P¥V¡¤ ¢¡§ïèêèNðñ Ã?Ä®Ä?ÅAﬀwÛ
o ;qh¼ÀÛM¯1 ¢£:P¬Vã!ßÛCç9¥VÁ®¥º·@?£P¨í1ÛN»Wª#:³ãN¿©³P¥1?¬¤¨P£P¥V¡¤¡ß?lå¶§£P ®¬¤ªﬁ9W°¥V¬¤Á®¬?°P³
r®¢®¬¤ ¢£PÁPã½¼£P¡« ½¥k®¬©¦9¨½·­?£PV¥V¨»:P¨½®ãêC¬¤ ¢£PV¥º®£ã±¸kÜè Ã?Ä®ÄEÃ ﬀwÛ
oñßIÄ;qhÛ ¸hÛA ¾?ÙI·#?£P¨´!#Û®ë¾?¬¤ ·ã®¦1¢Á®®¬¤ ¤³Pª'¡t®¬N¥V¨PÁ®¥/V®¢®¬¤ ¢£PÁ1ÙP ¢°±?¬« ¥rÁ®¬?°P³P¡C?£P¨
ªßP ¢Á®¬¤?°P³P¡VãK»W¼¦y² Ü½Ûr®ª'°P½ ¢£PÁﬀß®ß Mß®ãP°P°Þß®ßÀßZÃ½ãÑåß 3EÃ ﬀwÛ
oñß®ßrq#²ÞÛ ç¾ÛÑ ¾?¬¤¥ºﬃ?£P¨-¯#Û »ÛÜ?®³P£P¡¤®£ãÑr®ª'°P½¥V¬¤¡y?£P¨â¼£E¬?ºÀ?ÙP ¢¢ uM9¦¶ yP ¢¨P¥¾
³P¥¾¿©³P¥V®¬«á­C¸1êCV®ªo°P¢¥º¥V£P¥V¡¤¡Vã±Ââ ±¬¤¥V¥Vª´?£fërPÛ) »½?£±¬?£PV ¢¡¤Váß**ﬀwÛ
oñßZÃq¾¿yÛ y®£PíX?¢¥Vík?£P¨»Û±»½?³P£P  ã!k°¥V£»W³P®°»Ww³P¥V¨PP¢ £PÁß'² ¢£P ¢ª' íV¥1M ¢£P ¢¡¤³ﬁ¿© ¢ª'¥?ã
Ü?®P¬¤£±?N?è³P¥z¦1¡¤¡¡¤:V µ­ ¢®£â®¬r®ª'°P½ ¢£PÁá²ﬃ?w³P ¢£P¥V¬«®ã-è®èÃ½ãt¸9áÅPã°P°n EÇ
*½ãÝåß**ﬀwÛ
oñß;qyÂ ÛrëyPÙP µ?àKã9r¥º®®£P¨ ÙP ¢£±?¬«âØ«®ÙP¡rM°P¬¤¥V¢ ¢ª' £±?¬«¨P¬­ûXã/P£P°PPÙP¢ ¢¡¤³P¥V¨)¹r®¬¤à: ¢£PÁ
°±?°¥V¬% Ã?Ä®Ä?Å*ﬀºÛ
ß®ßXÅ
kc&ã½ÑcmgL¾l^lZ2[_Yp¿ ß®ßZÇ
oñßXÅqhï©Û­ðtX¹9¢¥V¬Vã r®ªßÙP ¢£±­®¬¤ µ?*!k°½ ¢ª' ¢íV­ ¢?£M¸§¥ºå¹r®¬¤à:¡N?£P¨ß²ﬃ­¬¤® ¢¨P¡Vã§®Xã;ç9 ¢¥V£O
³±?¬«§?£P¨áÂ7 ¢£P¡«®£	d¸§¥º¹$è®¬¤àâß**ﬀwÛ
oñßZÇq% zÛ ðCÛ©¸§¥Vª'³±?P¡¤¥V¬?£P¨T¦#Û hÛI zÛiç9 ¢£P£PWI ëy?£ã21?£P¨PÙW®à:¡á ¢£â!k°Ûlç9¥V¡VÛ9?£P¨
²ﬃ?£±?Á®¥Vª'¥V£Eh»WV ¢¥V£PV¥KMkð®Á® ¢¡« ¢V¡1?rêC¬¤W¨PPº ¢®£-?£P¨¼£:·®¥V£E®¬«®ã[¸§®¬«³u§®¢µ?£P¨
¦1ª'¡«¥V¬¤¨±?ªß  *ﬀwÛ
oñß;qh¯#Û¨P¥#Â@¥V¬¤¬½ã¿yÛ ²ÞÛð ¢¥VÙP ¢£PÁPãÜ½Û rÛ'öVÀ³P¥?ãÝç9¥VÀ³P¥V¬¤w³P¥z®°*ÝV¬­ ¢®£P£P¥V¢¥#°K®P¬k ¢£O
ÁJÝV£P ¢¥VP¬©¼ÀãKêèêè¶Uçadðt?P¡?£P£P¥#Ã?Ä®Ä *ﬀwÛ
oñßqh¯#Û?¨P¥rÂ@¥V¬¤¬½ã®¦#Û »Û­¦1¡¤¬­ µ?£z?£P¨o»Û®¯1P¬?£P¨ãAr®ª'°P¢¥wì½ h?±¡¤®ª'¥r¡¤°¥VV µ?WW°¥V¡
?[ ¢ª'¥ºÀ?ÙP¢ £PÁß°P¬¤®ÙP¢¥Vª'¡VãKÜ?®P¬¤£±??C»WÀ³P¥V¨PP¢ ¢£PÁ´Ç° Ã?Ä®ÄEÃ ﬀ1ßWßmÀß3 WÛ
oñß3;qh¯#Û½¨P¥§Â@¥V¬¤¬½ãW¿yÛPëk ¢¡/?£P¨'Â Û½ëyPÙP µ?àKã½êC¬¤¥V¥Vª'°½ ·®¥1®°¥V£ﬁ¡¤³P®°ﬀ¡¤À³P¥V¨PP¢ ¢£PÁh¹9 ³
ªßP ¢°P¬¤:V¥V¡¤¡¤®¬¤¡5M#°®W£P®ª' µ?NX?¡¤¥V¡ß?£P¨S?°P°P¢ ¢X­ ¢?£P¡Vã ¡¤PÙPª' ¤¥V¨-®¬h°PPÙP¢ ¢X
 ¢®£ﬀwÛ
oñß;qh¯#Ûk¨P¥@Â@¥V¬¤¬ ?£P¨ ¿yÛkëy ¢¡Vãß»W®ª'¥S¡¤®·­?ÙP¢¥@X?¡¤¥V¡-?o°P¬¤¥V¥Vª'°½ ·®¥S®°¥V£ ¡¤³P®°
¡¤À³P¥V¨PP¢ ¢£PÁo¹9 ³áªßP ¢°P¬¤:V¥V¡¤¡¤®¬¤¡VãKïèêèNð6!QçÂTê)Ä½ßZÆ?Ä*° Ã?Ä?Ä½ßﬀwÛ
